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Received 4 July 1994

- Abstract. We investigate the properties of boundary avalanches in 20 Abelian sandpile model
(asM). We construct the one-to-one correspondence of boondary avalanches and two-rooted
spanning trees. Using the connection between the obtained graph representation and Iattice Green

" functions we calculate the exact valves of critical exponents for size and lifetime distributions
of avalanches starting at the open boundary that forms an angle or. We find that the probability
of a boundary avalanche of the size 5 varies as s~1=*/% for Jarge 5 and the probability of an
avalanche of lifetime 7 varies as r~1~%7/5¢ for large ¢. The obtained values are verified by
pumerical szmu!auons

In recent years there have been numerous studies of the sandpile model proposed by Bak et
al [1,2]). The sandpile models display the mechanism of emergence of power-law spatial
and temporal correlations during the evolution of extended dissipative systems. Avalanche
processes caused by random perturbations play a crucial role in this self-organized critical
(80C) behaviosr. The probability distribution of size and lifetime of avalanches follow
power laws D(s) ~ s~% and D(t) ~ ¢t~%. To determine the critical exponents, several
simplified models have been suggested by introducing anisotropy [3], directedness [4, 5],
the Bethe lattice [6] or a complete graph structure [7]. In spite of a variety of methods
used in these solutions, the analytical determination of the critical exponents for the basic
Abelian sandpile mode] (AsM) [8] remains an unsolved problem. .

In' parallel with bulk critical exponents, most of the critical models have non-trivial
boundary exponents. If the conformal limit of a given lattice model is known, the explicit
relationship between bulk and boundary exponents can be established [9]. In the case of the
sandpile model, boundary exponents correspond to avalanches initiated at boundary sites of
the lattice. The aim of this letter is to find the exact values of boundary critical exponents
7y and 7; for the ASM with open boundary conditions.

. We consider the ASM on 2 N X N square Jattice L. Each boundary site is connected
by a bond to the additional site * which plays the role of the sink. The discrete Laplacian
(N2 4+1) x (N2 4 1) matrix A has non-zero elements A equal to the number of neighbour
sites of i and A;; = —1 for all pairs of adjacent sites i and j. The toppling matrix A®
is obtained from A by deleting the column and row corresponding to . The height of the
sandpile at any site i € £ takes an integer value z;. Particles are added at randomly chosen
sites and z; is increased as

zi—»zi+1. ‘ 1)
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If the height z; exceeds the critical value Af,.*), that site becomes unstable and topples.
On toppling at site {

G =z —AY for j € L. 2

All stable configurations of heights have the same probability in the steady state. They
are characterized by the absence of forbidden subconfigurations (FSC) on subsets 7 C £
satisfying the inequalities [8]:

%< Y (—a) forallk e F,j #&. (3)
jeF .

Dhar [8] has introduced the burning algorithm to determine if a given configuration is
allowed in the S0C state and has found the total number of allowed configurations. Based
on the burning algorithm, Majumdar and Dhar {117 have established an equivalence between
the soC state of ASM and ¢ — O limit of the Potts model that can be represented in turn
as a set of spanning trees covering a given lattice. For this reason, any allowed stable
configuration can be put into one-to-one correspondence with a spanning tree.

The burning procedure for constructing trees is equivalent to a ‘toppling from sink’
‘together with a given order of preference for successive topplings of sites [8]. By this
procedure, one adds a particle to each site connected with x causing all sites of the lattice to
topple (otherwise, the configuration would contain an FSC). The spanning tree is a collection
of bonds connecting pairs of sites which toppled on successive moments of time. The point
* is the root of the tree T,.

The translation of the allowed configurations into the lanpuage of spanning trees makes
it possible to find the fractional numbers of sites having heights 1, 2, 3, 4, [10,12] and, in
general, to get a comprehensive description of the SOC state.

The study of avalanches needs an extension of the tree representation. To this end, we
will consider an avalanche process in more detail. The Abelian property admits an arbitrary
order of topplings of non-stable sites during an avalanche. We choose a special but quite
natural order amongst these. Namely, let us add a particle to the site i having the height
Aj; in an allowed configuration C. We topple it once and then topple all sites that become
unstable keeping the site | oot of the second toppling. ‘We call the set of sites toppled in
this way ‘the first wave of topplings’.

After the first wave has gone out, we topple the site { a second time and continue the
avalanche not permitting this site to topple a third time. The set of relaxed sites in the
period after the first wave is called ‘the second wave’. The process continues producing
intermediate configurations Cy, C, ..., until the site i undergoes the maximum number of
topplings and the avalanche stops.

The cluster of sites toppled in the kth wave forms the subset Fj; of the configuration
Ci. If the kth wave is not the last one in a given avalanche, F; is FsC. The sites belonging
to F topple during the kth wave only once. Indeed, let us assume that a certain site j has
toppled the first time after its neighbour j’. Then, j would have the second toppling only
after topplings at all its neighbours, including j’. Therefore, to topple j twice, we have first
to topple f' twice. As the initial toppling at site { never repeats during the given wave, the
other sites of F; topple once, as well.

The procedure, which is inverse of that described, has been introduced recently by Dhar
and Manna [13].

To find the tree representation of waves, we consider the ASM model on an auxiliary
lattice £, consisting of the original lattice £, the site e connecting with boundary sites of
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L and an additional bond connecting the site % and 2 given site { situated inside the lattice.
Accordingly, we change the element of the topping matrix A(* A}f + 1. Applying the
burning procedure, we construct the set of spanning trees on the lattice £. All trees can be
divided into two classes. The first class consists of trees not containing the bond (i) and
therefore coincides with the set of one-rooted spanning trees 7, on the original lattice. The
trees of the second class contain the bond (xi). On deleting the bond (&) a subtree T; gets
disconnected. Considering the site i as a root of T}, we obtain a two-rooted situation where
a spanning tree on the original lattice consists of two disconnected components T, and T;.

According to the burning procedure, the spanning trees are obtained by adding particles
to all neighbouring sites of +, including i{. The particle added to i can be considered as a
perturbation giving rise to an avalanche. Since i is connected with *, it topples only once
and the avalanche is actually the wave. This wave corresponds to the subtree 7;. Also, one
can first add ¥ — 1 particles to i and then apply ‘the toppling from the sink’. On the one
hand, this process produces the kth wave of topplings and, on the other hand, it leads to
the subtree corresponding to this wave.

On the contrary, given a two-rooted tree, one can reconstruct a unique configuration of
heights using the order of preference of the burning procedure [11]..

Thus, in addition to the correspondence between allowed stable configurations and one-
rooted spanning trees {7,}, we get the one-to-one correspondence between all waves of
topplings and two-rooted spanning trees {7, U T;}.

The graph representation of waves enable us to link the toppling process and the lattice
Green function G;;. For this purpose, we shall prove the following

Froposition. For an arbitracy connected graph ' with a fixed vertex +,
Gij = NED N , @

where A6/} is the number of two-rooted spanning trees having the roots « and i, such
that both vertices { and j belong to the same one-rooted subtree; A is the total number of
spanmng trees on T

Proof. " Let A be the symmetrical Laplacian matrix of the graph I'. The Kirchhoff’s matrix
theorem [14] reads

N =det A® : 5)

where matrix A® is obtained from A by deleting the column and row corresponding to
the root x. By the Kirchhoff’s formula for resistance, the number A of two-component
spanning trees having the vertices i and j in different components is

NOW = der AOW (6)

where the matrix A®Y s obtained from A® by deleting the columns and rows
cogresponding to the vertices i and j.
Instead of deleting elements of A%, we can add ¢ to the elements A%’ and A};) and

—¢ to the elements A{ and A{} obtaining the new matrix AY). Then

NOO = jim L ger A® 'O

e—=0 €
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and we can evaluate the ratio N /A by the formula

det A®

where B = A® — A® and G = (A" is the solution of the Poisson equation with the
boundary conditions G, = 0 for all k. Direct evaluation in (8) leads to

N(i}U)/N=G.'f+ij - Gi; — Gji. ()]
Putting i = » we also have

NODIN = Gj; for all j % . (10)
The number AU js the sum of two parts

NG — _N’(*J)(J') +N(*)(EJ‘) an
where the notation (i) means filling both vertices into one component. Analogously

NOU = ArGDH0) + N ' (12)

Since, by the definition, N'®¢) = NED (4} isa sunple conscquence of the linear equations
(9-12).

Due to the relationship between two-rooted trees and waves, we conclude that N'Gy; is
the number of waves initiated at the site i and involving the site j.

The derived result is in agreement with the observation by Dhar [B] that Gy; is the
expected number n;; of topplings at the site j due to the avalanches caused by adding a
particle at i. Indeed, as each wave correspends to exactly one toppling of all its sites, n;;
coincides with the expected number of waves involving the site j.

Now, we can use the Green function representation for finding the wave distributions.
First, we consider the waves deep inside the lattice without reference to particular avalanches
to which every wave belongs. Assuming isotropy and compactness of waves, we can
estimate the probability P(r = r;;} that the radius of the wave is not less than the distance
between i and j as

Plr 2 ry) ~ Gy (13)

The size of avalanches scales as s ~ r?. Then the wave probability distribution
D(s) ~ 1/s follows immediately from the known asymptotics of the Green funcnon
G(r)~1Inr.

Returning to the boundary avalanches, we note that in this case each avalanche consists
of only one wave. The reason is that any boundary site { has the root x as the neighbour site.
Therefore, the second toppling of the site i is impossible because of the lack of topplings
at x. The asymptotic form of the boundary Green function in the continuum limit is

G(r) ~loglr —a| ~logir +a| ~-(9;2i) : (14)

where @ is a unit vector perpendi'cular to the boundary. Correspondingly, the probabilities
that the front of the avalanche exceed r is

prob(#’ > r) ~ % (15)
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which leads, after differentiation, to the radius distribution D(r} ~ 1/r2. Using, as before,
the relations 5 ~ r2 apd D(s)ds ~ D(r) dr, we get the sought probability distribution

1
D(s) ~ —5- : . | (16)

The relationship between the exponents 7; and 7 can be found from the following
arguments. By the construction of trees, the avalanche process follows the branch structure
of the tree. Then, the duration of avalanche T varies as the chemical distance [ of the tree
[11]. The exact asymptotics I ~ r3/* is known for the g-component Potts model at ¢ = 0
[15). This implies that ‘ ’

5t =85 —3. 17)

Thus, for the boundary avalanches, we have 7; = 3/2 and 1, =.9/5.

The above arguments can be easily generalized to the boundaries forming an arbltrary
angle o. It is known from the theory of complex variables that the Green function of the
Laplacian in the region bounded by angle & has the form ‘

Gz, y) = 5 Im( ™) as
where z = x - iy, (x, y) are the Cartesian coordinates. Then, the function G(7) decays as

G@r) ~r™® : (19
for any direction apart from arms of the angle. This leads to the distribution

D(r) ~ roi-=re, (20)
Again using the relation 5 ~ r?, we get the asymptotics

D(s) ~ s~/ @1)

which corresponds to 7, = 1 + 5’;— andm, =1+ 55%.

The analytical results have been verified numerically by Monte Carlo simulations. We
considered lattices with sizes up to 100 having angles « = 7/2, 7, 3%/2, 2 with statistics
up to 10° avalanches.

Table 1. Angular critical exponents for multiples of 7 /2.

o n/2 7 /2 27
Ty 19 1.51 132 1.21
exact 2 32 43 5/4

Table 1 shows that the numerically determined values are in good agreement with our
predictions.

The angle 2 is of special interest. In this case, avalanches start at the top of a cut of
the plane. The geometry of the avalanches closely resembles the one occurring deep inside
the lattice. So, one can expect that the critical exponents in both the cases are in close
agreement. Indeed, the difference between numerical estimations by Manna [16] 7, = 1.22
and 7, = 1.38 and the boundary exponents near the cut 7, = 1.25 and 7, = 1.40 is not more
than 3%,

One of us (VBP) thanks Dublin Institute for Advanced Studies for kind hospitality.
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